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1 Introduction 



In a deterministic hidden-variables theory - such as the pilot-wave theory of 
de Broglie and Bohm [1-10] - the outcomes of single quantum experiments are 
determined by initial parameters A which, at present, we are unable to fully 
control. Over an ensemble of similar experiments, these parameters (or hidden 
variables) will have a distribution p(A), giving rise to a statistical distribution 
of quantum outcomes. For some particular p(A), the distribution of outcomes 
will agree with the predictions of quantum theory. 

It has been argued that, in pilot-wave theory and in any deterministic 
hidden-variables theory, quantum physics must be viewed not only as phe- 
nomenological but also as contingent [5, 10-18]. Specifically, quantum theory 
is an effective description of a particular 'quantum equilibrium' distribution 
yo(A) = Peg (A) of hidden variables - much as the theory of thermal fluctuations 
in a classical gas is an effective description of a thermal equilibrium distribution 
of molecules. And, just as there is a wider physics of gases in thermal nonequilib- 
rium, so there should be - at least in principle - a wider physics beyond quantum 
theory, of systems in 'quantum nonequilibrium' p{X) ^ Pe qW - Such systems 
might exist as relic particles from the early universe |10[ 1131 Ini 1171 118| . Or, the 
equilibrium state might be unstable at high energies or in strong gravitational 
fields UHl. 

The potential uses of nonequilibrium or non-quantum systems have been 
explored |19j . But how might such systems be recognised experimentally? 

In general, nonequilibrium systems would generate non-quantum probabil- 
ities - for example, anomalous blurring in single-particle interference. Quan- 
tum interference experiments have been suggested with particles from the early 
universe or from very distant astrophysical sources |13l I14| . However, even if 
anomalous blurring were to be observed, the effect might be explained in an- 
other way, for example by the finite size of the source'* or by some peculiarity 
of the incoming state. 

What is needed, then, is a distinctive signature of quantum nonequilibrium, 
that could not be explained by some other effect involving ordinary physics. 
The aim of this paper is to describe such a signature. 

Our signature consists of non-additive expectations for non-commuting ob- 
servables. This would manifest as a breakdown of the sinusoidal modulation of 
quantum probabilities for two-state systems, leading for example to anomalous 
polarisation probabilities for single photons. As we shall see, this signature has 
the attractive features of being independent of the quantum state, and indepen- 
dent of the details of the hidden- variables theory. 

We emphasise that our argument is quite general. It applies to any system 
with a two-dimensional subspace. 

"^Fringe blurring is used in stellar interferometry to infer the (angular) size of the source. 
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2 Additive Expectations 



In quantum theory, it is impossible to devise an experiment that measures non- 
commuting observables fii, D,2 simultaneously. The measurements are 'incom- 
patible'. However, it is possible to devise an experiment Ei that measures Cli 
and another experiment E2 that measures CI2, and a third experiment E that 
measures a linear combination aiQi + 012^2 (with ai, 02 real). In general, Ei, 
E2, E will require three macroscopically-distinct experimental arrangements, to 
respectively measure the non-commuting observables f2i, ^2, ai^^i + ct2^2- 

Now over an ensemble represented by some density operator p, quantum 
theory predicts that expectation values will be additive, 

{ai^i + 02^2) = + a2(^2) 

the expectation for any Q being given by the Born rule 

{Cl) = Trim (1) 

Indeed, for any number of non-commuting observables fii, ^2, f^3, , and 

real numbers ai, a2, as, , quantum theory predicts that 

{aihi + a2^^2 + aaf^a + > = ai(fii) + a2(^^2) + a?,{^^) + (2) 

In quantum theory, Q seems an inevitable and trivial consequence of (Q. 
But experimentally, it is a remarkable and highly nontrivial feature of quantum 

theory that the statistics of quite distinct experiments - E2, £"3, , E - 

should be related in this simple and general way. 

We shall see that for two-state systems expectation additivity is in fact 
equivalent to the Born rule, and that both are violated in nonequilibrium. 

3 Two-State Systems 

Consider the quantum description of an arbitrary two-state system (or two- 
dimensional subspace of any system). Every quantum observable f2 may be 
written as a linear combination of the Pauli operators ct^ (/i = 0, x, y, z), 

r2 = rUf^afi — m,{)I + m • 

(summing over repeated indices), where ctq = / is the identity and the coeffi- 
cients TO^ are real. 

Observables of the form a = in ■ a, with m normalised to unity, might 
correspond to spin (in units fi/2) along an axis m in real space. But in general 
a acts on any two-dimensional subspace for any system, and m is a unit vector 
in an abstract 3-space (specifying a point {9, cj)) on the Bloch sphere). Whatever 
a may represent, quantum measurements of a can yield outcomes cr = ±1. No 
other outcomes are allowed. The distribution p^^ (m) of outcomes in quantum 
equilibrium depends, of course, on the quantum state. 
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For an ensemble with density operator p, the (equihbrium) mean is 
(a) = Tr (pm ■ a) = m ■ Tr {pa-) = m • {a) 

or 

(ct) = m • P = Pcos6l 

where the mean polarisation P = (it) (with norm < P < 1) characterises the 
ensemble and 9 is the angle between m and P. 

With only two possible outcomes, the mean fixes the distribution: 

p±(m) = i(l±(a)) 

or 

p±(m) = i(l±Pcos^) (3) 

For a completely polarised beam, P = 1 and p+ (m) = cos^(0/2). 

The equilibrium probabilities depend sinusoidally on 9, for any pure or mixed 
state (as long as it is not completely unpolarised) . This is a universal feature 
of any two-state quantum system (or qubit). As we shall see, deviations from 
this behaviour are a hallmark of quantum nonequilibrium. 

4 Quantum Probabilities from Additive Expec- 
tations 

It is remarkable that the quantum probabilities Q are completely determined 
by expectation additivity (j^J. 

For as an instance of (0), consider axes mi, m.2, forming an orthonormal 
basis in the abstract 3-space. The observables mi • &, m.2 ■ a-, ■ a do not com- 
mute, and to measure them requires three distinct experimental arrangements 
- for example, three distinct orientations of a Stern-Gerlach apparatus. 

For an arbitrary unit vector 

m = CiYJii 

(summing over repeated indices, i = 1, 2, 3) we have 

m ■ a- ^ Ci {rrii ■ &) 

Writing E{m) = (m • it), expectation additivity lO states that 

E{m) = c,E{m,) (4) 

(regardless of the density operator p for the ensemble) . 

Now, under a change of (orthonormal) basis m^ m^, the vector compo- 
nents Ci transform as c[ — RijCj, where Rij is an orthogonal rotation matrix. 
For E{ni) to remain invariant for arbitrary m - as it must, being a function 
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of m and not of the basis used to expand m - the quantities E{nii) must also 
transform Uke the components of a vector, E{ni[) — RijEijaij). Thus 

P = E{xa.i)xQ.i 

is a vector and we have 

£:(m) = m • P (5) 

Now |i?(m)| < 1, so < P < 1. Using expectation additivity once more, we 
have P = {&) - the mean polarisation of the ensemble. The mean E{m) again 
fixes the distribution, and so we obtain the quantum probabilities Q. 

We shall see that expectation additivity is very unnatural in hidden- variables 
theories and peculiar to equilibrium. 



5 Nonequilibrium Systems 

We now consider hypothetical 'nonequilibrium systems'. These are defined to 
be systems where single outcomes (of quantum measurements) take only values 
allowed by quantum theory, but where the statistical distribution of those values 
can disagree with quantum theory. For example, a spin-1/2 particle might still 
yield spin-measurement outcomes ±fi/2, but the statistical distribution of those 
outcomes over an ensemble might be anomalous. 

As we shall now show, such a nonequilibrium regime - in which the space of 
outcomes is the same and only the statistical distribution differs ~ is a natural 
extension of quantum physics in any deterministic hidden-variables theory.^ 

For an ensemble of two-state systems with density operator p, quantum 
theory predicts a mean {a) =^ E{m) = m • P. In a deterministic hidden- 
variables theory, the outcome cr = ±1 of a single quantum measurement of a is 
determined by hidden parameters at t = 0, collectively denoted A. For a given 
measurement axis m, there is a mapping 

a = (T (m. A) (6) 

from the initial conditions A to the (unique) final outcome a. 

In principle, once lO is given, the outcome of each quantum experiment is 
determined by A. Over an ensemble of similar experiments, with fixed m and 
variable A, there will be a distribution of outcomes a (m. A). For an ensemble 
with a particular distribution p^q{X) of hidden variables, the distribution p^^(m) 
of outcomes will agree with quantum theory,^ and the mean will be'' 

{a (m, A))^^ = JdX p,q{X)a (m. A) = m • P (7) 

^Of course, one might consider more complicated scenarios where individual outcomes 
disagree with quantum theory. But then nothing general could be said. 

simple example of such a hidden- variables theory is given by Bell 1^ I2UI [TTI . 

^As is customary, we write as if A were a continuous variable. The integral sign is to be 
understood as a generalised sum, and no particular assumption is being made about A. 
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Let us now consider a 'nonequilibrium ensemble' with distribution p(A) ^ 
PeqW- We retain the same deterministic mapping © from A to outcomes, 
for each individual system. In general, the distribution of outcomes over the 
ensemble will now disagree with quantum theory, with a mean 

{a (m, A)) = J pW<^ (m, A) ^ m ■ P (8) 

(or E{a\) ^ m • P) because the same function a (m. A) appears in (Q and 

It could happen that (cr (m, A)) = (cr (m, A))^^ for some special p[X) ^ 
Pgq(A). But in general the nonequilibrium mean will disagree with the quantum 
mean, (cr (m. A)) ^ (cr (m, A))^^, and the nonequilibrium outcome probabilities 

p±(m) = i(l±(a(m,A))) 

will disagree with the quantum values, p''^(m) ^ p^^(m). 

More formally, the set S — {A} of values of A may be partitioned into 

5'+(m) = {\\a (m. A) = +1} , S'~(m) = {A|a (m, A) = -1} 

where the sets S"^ (m) are fixed by the mapping © and are therefore independent 
of the ensemble distribution p{\). For the equilibrium measure dp,^^ = p^^{\)dX, 
we have fi^g[S^{m.)] = p^(m). But for an arbitrary nonequilibrium measure 
dp = p{X)d\, in general p[S'^{m.)] ^ p^g[S^{ni)] andp='=(m) 7^p^(m).^ 

Thus, nonequilibrium will generically break the sinusoidal probability modu- 
lation (PJ predicted by quantum theory for any two-state system. Equivalently, 
in general ^^(m) 7^ m • P and expectations are non-additive. 

Note the key conceptual point: we have the same deterministic mapping JH)) 
for each system, regardless of the ensemble distribution. 

For pairs of entangled two-state systems, the correct quantum correlations 
will be obtained, for some ensemble distribution Pgq{X), only if the outcomes for 
at least one subspace depend on the measurement setting for the other (as shown 
by Bell 01|2ni)- This nonlocality, or more generally 'contextuality', appears in 
the deterministic mapping from A to outcomes. For a nonequilibrium ensemble 
p(X) ^ PeqWj the marginal statistics for at least one subspace generally depend 
on what measurements are performed for the other [ISLIlKLl^ . Such nonlocal or 
contextual statistics are discussed elsewhere as a signature of non-quantum sys- 
tems [221. Here, we focus on the simpler signature of non-additive expectations 
for a single two-state system. 

Finally, note that the pilot-wave formulation of quantum theory [1-10] pro- 
vides a specific and generally-applicable hidden- variables theory that may read- 
ily be extended to nonequilibrium ensembles [5, 10-14, 18, 19]. 

In pilot-wave theory, a system (of particles or fields) with wave function 
tpix, t) has a configuration x{t) whose motion is given by xit) = j{x, t)/ \'4'{x, t)\ 

*Of course, for a given m there are special p{A) 7^ Pgq(A) such that /^[5^(m)] happens to 
equal /i^^ [5='=(m)], but generically ^i[S^{m)] ^ ^^^[S^{m)]. 
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- where in quantum theory j = j = j{x, t) is called the 'probability current'^ 
but where in pilot-wave theory ip is regarded as an objective physical field (in 
configuration space) guiding the system. 

This dynamics for single systems yields the correct distribution of quantum 
outcomes over ensembles, if the configurations - or hidden variables^° - at 
t = have the equilibrium distribution Pq{x) = \iPq{x)\'^ (which implies p{x, t) = 
|V'(a;,i)r foraUt). But one can just as well consider an initial ensemble Pq{x) ^ 
\ipo{x)\ , whose evolution is given by 



grained level [Sj IIUL 1111 [Tl] , much as the corresponding classical evolution on 
phase space leads to thermal relaxation. But for as long as the ensemble remains 
in nonequilibrium, the statistics of outcomes of quantum measurements will 
disagree with quantum theory. 

6 Non-Quantum Probabilities and Non- Additive 
Expectations 

We have seen that quantum nonequilibrium generically breaks the sinusoidal 
probability modulation predicted by quantum theory for two-state systems. 
In general, E{m) 7^ m • P and expectation additivity Q is violated. 

Some insight into why is violated can be obtained by considering an 
'extreme' nonequilibrium ensemble with p(A) concentrated on just one value 
A = Aq. Such an ensemble has zero dispersion for all quantum observables, 
the outcome of any measurement being determined by Aq (together with the 
experimental settings). Thus the mean of a (m, A) is simply 



for any measurement setting m. Taking (for simplicity) C3 = 0, then reads 



This can hold only if |ci + C2I or |ci — C2I equals 1, which requires ci or C2 to 
vanish. If C1C2 7^ 0, (|10|l cannot be satisfied for any Aq.^^ 

This example makes it clear that expectation additivity is an exceptional 
feature, peculiar to equilibrium. For all A, 



^For example, for a single spinless particle of mass m, j = (H/m) Im (ip*\^ip). 
^''Actually, a complete specification of A here is xq and jPq{x). 

^^This point was made by Bell HI 1211 . in his refutation of von Neumann's supposed proof 
|23l that hidden variables are incompatible with quantum theory. 





cr (m, Ao) = cifj (mi, Ao) + C2(t (m2, Aq) 



(10) 



a (m, A) ^ cifj (mi. A) + C20- (m2, A) 
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(if C1C2 7^ 0), and yet in equilibrium 

(cr (m, A))^^ = ci (cr (mi, A)}^^ + {a (ma, A)}^^ 

Quantities that are always unequal for individual systems turn out to be equal 
when averaged over an equilibrium ensemble /9g^(A). 

Expectation additivity for incompatible experiments is completely unnatural 
- and generically false - in any hidden-variables theory. It is, as it were, a 
'conspiracy' of the equilibrium state. The associated two-state probabilities lO 
are equally unnatural and exceptional. 

7 Experimental Tests 

The above signature could be searched for experimentally in any system. Since 

p+(m) = i(l + (a(m,A))) 

a test of how p"'"(m) varies with m is also a test of how the expectation 
E{m) — {a (m. A)) varies with m. And because E{ni) = m • P is equivalent to 
expectation additivity, any test of the former is a test of the latter. 

Consider photons, whose polarisation forms a two-state system. The values 
fj = ±1 of the observable a = m - & now correspond respectively to polarisation 
parallel or perpendicular to an axis M in 3-space - where an angle 9 on the 
Bloch sphere corresponds to an angle 8 = 6'/2 in real space. 

If a beam of single photons with density operator p is incident on a linear 
polariser set at angle Q (relative to the axis of maximum transmission) , quantum 
theory predicts that the fraction of photons transmitted will be (from ||2J)) 

p+(e)-p+(e)-i(i + Pcos2e) (ii) 

where < P < 1 is characteristic of the beam. For a fully-polarised beam 
P = 1, and p+ (6) = cos^e. 

The equilibrium transmission probability depends sinusoidally on O for 
any incident beam (with a well-defined p) that is not completely unpolarised. 
From a hidden- variables perspective this is an exceptional feature of equilibrium, 
reflecting additivity of expectations for incompatible experiments - an additivity 
that is satisfied for equilibrium ensembles but not in general. Thus, deviations 
from Ijlll) would provide a distinctive signature of nonequilibrium. 

We therefore propose that experiments be performed to search for quantum 
nonequilibrium by testing polarisation probabilities for single photons. Devia- 
tions from would provide an unambiguous violation of quantum theory. 

Photons from very distant sources seem of particular interest. For it has been 
argued that, as the quantum probability distribution for a single photon spreads 
out over cosmological distances, any small-scale deviations from equilibrium 
could be stretched up to larger lengthscales |E1 ■ 
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Incoming photons may be filtered or prepared (for example in a pure po- 
larisation state) before being subjected to further measurements. As long as 
the prepared ensemble has a well-defined density operator p, quantum theory 
predicts a sinusoidal modulation of ^+(6) (for any p with P ^ 0). 

One might wish to dispense with preparing the incoming photons, to min- 
imise any possible disturbance of the sought-for nonequilibrium. There are of 
course many astrophysical sources of polarised photons, involving scattering or 
synchrotron emission, at cosmological distances. For example, strong (~ 80%) 
linear polarisation was recently seen in single photons from a gamma-ray burst 
|24| . and the cosmic microwave background is slightly polarised But 
without a controlled preparation, the received photons need not have a well- 
defined density operator p or mean polarisation P. Though one could try to 
learn about and characterise the source by appropriate measurements. 

An open question is whether one could dispense with a preparation without 
knowing anything at all about the source. Given a large number N of single 
photons, polarisations along an angle may be measured for a large sample 
drawn at random. One might expect that in the limit of large N and large 
samples, any quantum source would yield a mean of the form m • P (where P 
could be zero). This remains to be studied. If true, there would be no need 
to prepare the photons or to know anything about the source. In practice, the 
incoming photons form a time ensemble. A random sample could be drawn from 
the whole ensemble, for each O, by resetting O randomly for each photon. Data 
sets with the same O would provide values of p+(0), to be compared with ((TT1) . 

We emphasise that, with a controlled filtering or preparation of the incoming 
photon polarisations, corresponding to a well-defined density operator p, the 
quantum prediction is unambiguous and the observation of a non-sinusoidal 
modulation would signal a violation of quantum theory. 

An especially attractive possibility would arise if relic gravitons were de- 
tected from the very early universe j27j and if their polarisation could be stud- 
ied. And of course, polarisation probabilities could be tested in the laboratory 
for any kind of particle at high energies. 
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